The extended conformal theory of the Calogero-Sutherland model by Caracciolo, R et al.
DFTT 13/96
April 1996
The extended conformal theory of the
Calogero-Sutherland model

Raaele CARACCIOLO, Marialuisa FRAU, Stefano SCIUTO
Dipartimento di Fisica Teorica, Universita di Torino,
and I.N.F.N. Sezione di Torino
Via P. Giuria 1, I-10125 Torino, Italy
Alberto LERDA
Dipartimento di Scienze e Tecnologie Avanzate
y
and
Dipartimento di Fisica Teorica, Universita di Torino,
and I.N.F.N., Sezione di Torino
Via P.Giuria 1, I-10125 Torino, Italy
Guillermo R. ZEMBA
Centro Atomico Bariloche
8400 - San Carlos de Bariloche (Ro Negro), Argentina
Abstract
We describe the recently introduced method of Algebraic Bosonization of (1+1)-
dimensional fermionic systems by discussing the specic case of the Calogero-
Sutherland model. A comparison with the Bethe Ansatz results is also pre-
sented.
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1 The eective theory
The Calogero-Sutherland model describes a system of N non-relativistic spinless
fermions of mass m moving on a circle of length L with a pairwise interaction pro-
portional to the inverse square of the chord distance between the two particles [1, 2].
Denoting by x
i
the coordinate of the i-th fermion along the circle and choosing units


























where g is the coupling constant. In the following we shall take N odd, without any
loss of generality.
This model is exactly solved by Bethe Ansatz and all its fundamental properties
can be obtained from this solution [2]. In particular, the low-energy excitations above
the ground state are gapless, and thus the long-distance properties of the system are
described by a conformal eld theory [3, 4, 5].













































are fermionic oscillators of momentum k
n




describes a free fermionic system whose ground state is
j











= (N   1)=2 . Only the oscillators near the Fermi points n
F
play an
important role in physical processes, producing the low-energy excitations above j
i
and determining the large-distance properties of the system encoded in the eective
theory. In order to write down the corresponding hamiltonian, we dene shifted




















) relative to the right (left) Fermi point. The integer index r is allowed
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is a bandwidth cut-o








) = o(N) in the thermodynamic limit
N ! 1. Roughly speaking, 
0
indicates how far from the Fermi points one can go
without leaving the eective regime. The two sets of oscillators a and b in Eq. (1.3)





i = 0 ; b
r
j











i = 0 for s = 0; 1; 2; : : : ; 
0
: (1.4)
































Let us now consider the interaction hamiltonian H
I
. We seek the corresponding
eective operator H
I
in terms of bilinear fermionic forms, which can be naturally
interpreted within the algebraic context of extended conformal theories. To this
end, a reordering of the oscillators in Eq. (1.2) is needed. However, this causes the
appearance of a divergent two-fermion term, and thus it is necessary to introduce a
regularization prescription to give a meaning to our formulas. We perform a \periodic
regularization", by dividing the momentum space into ctitious Brillouin zones of




= l + 2M k for any integer k. The
arbitrary number M has the only constraint M  n
F
, such that the physical region
of interest is inside the rst zone. Thus, we can calculate the eect of the small
oscillations around the Fermi points n
F
in the rst Brillouin zone, and, at the
end, let M ! 1 to recover the original continuum theory. It can be shown that
this procedure is consistent and leads to nite and meaningful results [7]. With this














































































being the periodic extension modulo 2M of the absolute value, dened by
jj
M
= jj ; jM + j
M
= j  M + j
M
= M   jj for jj  M . The symbol
P
0
means that the sum over ` is restricted to values satisfying the constraints:
jrj  
0
; jsj  
0
;
jr  `j  
0





















































while the term H
0





























The eective theory is dened by letting 
0
!1, N !1 and keeping 
0
 N .
This avoids the introduction of spurious low-energy states (the O(1=N
2
)-corrections
bend the dispersion curve) [7]. For ease of notation, when 
0
and N !1, we write
the free eective hamiltonian H
0
simply as in Eq. (1.5) with all sums extended from
 1 to +1, and the limit N ! 1 left implicit. Even though H
0
now contains
new oscillators, it still acts only on low-energy states with particle and hole momenta
bounded by 
0
 N . Nonetheless, the extension of the dispersion curve to innity
is not free of consequences. In fact, since now Eqs. (1.4) hold for any integers r and
s, the ground state j
i corresponds to the surface of two innite Fermi seas.
Using the denition of n
F
















































= N=L is the density, which is kept xed in the thermodynamic limit.
Analogously, the forward scattering terms, Eq. (1.6) (which are actually independent




















































The backward scattering terms, instead, explicitly depend onM . Rewriting Eq. (1.7)
in terms of fermion bilinears and removing the bandwidth cut-o leads to the appear-
ance of a divergent two-body term, in addition to a nite four-fermion piece. However,
after combining these terms with H
0
(M), the resulting hamiltonian in Eq. (1.8) is -
































































We now summarize our results by writing the complete eective hamiltonian of



















































































































































































Notice that there are no contributions to H to order 1=N
3
and higher. Note also that,
despite the overall factor 1=L
2
in Eq. (1.7), the backward scattering part contributes




, due to normal






structure of the model
We now show that the eective hamiltonian H in Eq. (1.12) can be given an elegant










































  (`+ 1) r +

























































































































































The reason for this rewriting lies in the fact that the operators in Eqs. (2.1) are















+ q(i; j; `;m)V
i+j 3
`+m




c d(i; `) ; (2.5)
where the structure constants q(i; j; `;m) and d(i; `) are polynomial in their argu-
























































































U(1), and the generators V
1
`








The c = 1 W
1+1
algebra can be also realized by bosonic operators, through
a generalized Sugawara construction [9]. In fact, if one introduces the right and




, of a free compactied boson, one can check that the
commutation relations (2.5) are satised by dening V
i
`
(we only write the expressions
5





































and analogously the V
i
`
in terms of 
`
.





is that, once the algebraic content of the theory has been established in the free
fermionic picture, other bosonic realizations of the same algebra can be used, and the
free value of the compactication radius of the boson can be chosen to diagonalize the
total hamiltonian. This is the reason for calling this procedure algebraic bosonization
[7].





algebra are obtained by adding N particles to the ground state
j
i, and by moving D particles from the left to the right Fermi point; they are
denoted by jN;Di
0






























 : : :  k
r




 : : :  k
s
> 0, coincide with the
particle-hole excitations obtained from jN;Di
0



























































(see Eq. (2.11)) is compactied on a circle of radius r
0
= 1. This eld describes
the density uctuations of the original free fermions.
Let us now consider the 1=N -term of the eective hamiltonian in Eq. (2.3). Due
to the left-right mixing term proportional to g, H
(1)

















with the expression given by Eq. (2.12), we






, which can be now diagonalized by means of






















for all `, with tanh 2 = g=(2 + g). Under this transformation H
(1)
becomes (up to









































  exp(2) =
q
1 + g : (2.16)














(cf. Eq. (2.6)). Then, by means of the generalized







































































, because the highest
weight states of the new algebra do not coincide with the vectors jN;Di
0
, as is
clear from Eq. (2.14). However, the Bogoliubov transformation does not mix states
belonging to dierent Verma moduli. This implies that the new highest weight vec-
tors, jN ;Di
W
, are still characterized by the numbers N and D with the same












































are still the modes of a
compactied bosonic eld, but on a circle of radius r = 1=
p
 = exp( ). This new
eld describes the density uctuations of the interacting fermions.
The highest weight states jN;Di
W







, form a new bosonic basis for our theory that has no simple
expression in terms of the original free fermionic degrees of freedom. The main
property of this new basis is that it diagonalizes the eective hamiltonian up to order







































































. In the last line of Eq. (2.19),  is the chemical potential
and v the Fermi velocity. These eigenvalues are clearly degenerate when k  2
or k  2. Examining their structure one concludes that the Calogero-Sutherland


















 ! v =  v
0
; (2.21)









Note that these eects have their origin in the backward scattering processes, which
are the only interactions that contribute to the eective hamiltonian to order 1=N . In
particular, to lowest order in g, the change in the compactication radius is induced
by the left-right mixing terms of H
(1)







and have conformal dimension (1; 1). Therefore, they are marginal operators, which
cannot destroy the conformal symmetry of the free theory, but only change the re-
alization of the conformal algebra [3]. In fact, these operators drive the theory out













. In this ow, the central charge of the conformal algebra remains
unchanged, while the compactication radius of the bosonic eld scales as indicated.
The rescalings of the chemical potential and the Fermi velocity are, instead, a
normal ordering eect: to lowest order in g, they originate from the left and right




, which arise from the two-body
part of the backscattering hamiltonian in (1.11).
It is remarkable that despite their dierent origins, these rescalings are charac-
terized by only one function of the coupling constant: the parameter . This fact









which is typical of the Luttinger model [10, 11, 12]. It actually holds for all systems
with hamiltonian of the form (2.17) to order 1=N .
8
We should keep in mind that the derivation of the eective theory, as presented in
Section 1, is strictly perturbative; thus, an expansion in the coupling constant g should
be understood in all previous formulae. However, if we limit our analysis to the 1=N -
terms, nothing prevents us from improving our results by extending them to all orders
in g. Indeed, the Bogoliubov transformation (2.14) diagonalizes the hamiltonian H
(1)
exactly, and the resulting expression depends on the coupling constant only through
, which contains all powers of g! This improvement is a well-known result in the
Luttinger model [10, 11], but we would like to stress that in our case it can be done
only if we disregard the O(1=N
2
)-terms of the hamiltonian, because the Bogoliubov
transformation (2.14) does not diagonalize H
(2)
.
To investigate this issue, let us analyze the 1=N
2
-term of the eective hamilto-
nian Eq. (2.4). Using the generalized Sugawara construction, Eqs. (2.11)-(2.13), we
rst rewrite H
(2)






, and then perform the Bogoliubov


















































































































cannot be eigenstates of H
0
(2)
; moreover, since they have denite values of k and k,
they cannot be eigenstates of H
00
(2)
either, because this operator mixes the left and
right sectors.





















, instead, has to be treated perturbatively, but only to rst order
in g. In fact to higher orders, the spurious states introduced with the limit 
0
!1
would also contribute as intermediate states. These contributions, however, would be
meaningless because the hamiltonian to order O(1=N
2
) is not even bounded below.
From Eq. (2.24) it is easy to check that H
00
(2)
has vanishing expectation value on any





. Thus, according to (non-
degenerate) perturbation theory, H
00
(2)
has no eect on the energy spectrum to rst
order in g.
9
In view of these considerations, we neglect H
00
(2)
and regard as the eective hamil-










































































Obviously, to be consistent with our perturbative approach, we should keep in the
r.h.s. of Eq. (2.25) only the terms that are linear in g.
We now compare the eigenvalues of H
CS
to the exact low-energy spectrum of
the Calogero-Sutherland model obtained from the Bethe Ansatz method [2, 5]. Any

















= N + N , and j = 1; : : : ; N
0
. The integers n
j









By generalizing to order 1=N
2
the procedure presented in Ref. [5], we have derived





































































































Of course, being an exact result, Eq. (2.27) holds to all orders in g. Comparing












given in Eq. (2.18); conversely, these latter can be interpreted as the
rst-order approximation to the exact ones. From Eqs.(2.28) and (2.29) one reads
that the exact compactication radius ~r, chemical potential ~ and Fermi velocity ~v
are given by Eqs. (2.20)-(2.22) with  in place of . Of course, due to Eq. (2.30), ~r,
~ and ~v coincide, respectively, with r,  and v, to rst order in g. It is worthwhile
pointing out that all low-energy eects of the Calogero-Sutherland interaction are
encoded entirely in a unique quantity, namely the parameter , which in the Bethe
Ansatz literature is known as dressed charge factor [13].
Since the exact results can be obtained from the perturbative ones simply by





is given by Eq. (2.25) with  in place of . We may




Evidence for the validity of our conjecture, which is certainly true [5] to order




. In Ref. [7] we have
checked on several explicit examples that these eigenvalues coincide with the exact
energy of the low-lying excitations given by Eq. (2.27).
We conclude by mentioning that the method of algebraic bosonization can be
applied in principle to any (abelian) gapless fermionic hamiltonian consisting of a
bilinear kinetic term and an arbitrary interaction. No special requirements on the
form of the dispersion relation and the potential are needed. In particular, it is not
necessary for the system to be integrable.
In Ref. [7] we have also discussed the algebraic bosonization of the Heisenberg
model, by mapping it into a theory of fermions on a lattice by means of a Jordan-
Wigner transformation. Also in this case the spectrum of the low-energy excitations
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